Abstract-The performance of the constant modulus algorithm (CMA) with the steepest descent method used in an adaptive array of monopole antennas mounted on a rectangular conducting plate was investigated. The mutual coupling (MC) effect among the array elements and the diffraction effect caused by the conducting plate were taken into account in the calculation by a hybrid method of moment method (MM) and geometrical theory of diffraction (GTD). Simulations showed that the CMA adaptive array performs differently when the MC and the diffraction effects are taken into account. In some cases, the speed of convergence is slower with MC, and in other cases it is faster. Also, in multipath scenarios the array sometimes converges on a weaker delayed ray rather than the direct ray when MC is included. The capture property is explained by the fact that the CMA algorithm is sensitive to initial conditions and the initial array pattern is directional due to MC-not omnidirectional as in the ideal case. The performance of the array on a finite ground plane is different from that on an infinite ground plane due to diffraction effects.
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I. INTRODUCTION
T HE CONSTANT modulus algorithm (CMA) was first proposed by Treichler et al. in 1983 [1] . The algorithm can compensate for both frequency-selective multipath and interference on modulated signals with a constant envelope such as frequency-and phase-modulated carriers. The method employs only a priori knowledge of the constant envelope about the transmitted signal waveform, which is often the case in a real communication environment. The method exploits the fact that multipath reception and various interference sources generate incidental amplitude fluctuations on the received signal and makes use of this point to suppress the multipath rays and interferences. It resembles the least-mean squares (LMS) algorithm [2] , but it has the advantage that no external "desired" signal is required for the operation of the algorithm.
Gooch et al. applied the CMA to array antennas and formed the CMA adaptive array in 1986 [3] , where they analyzed the directionality and the capture property of the CMA adaptive array. Fujimoto et al. combined the CMA adaptive array with the Marquardt method in 1991 [4] . In their paper, it is shown that the convergence rate of the CMA with the Marquardt method for optimization is much faster than that of the CMA with a steepest descent method.
Although the performance of a CMA adaptive array has been analyzed in various aspects, the analyses have been based on the assumption that the array elements are omnidirectional and in free space. Not only the mutual coupling (MC) effects among the array elements, but also the characteristics of the array element itself have not yet been taken into account in the simulation, but in a real communication environment, the directional antennas are used and mounted on a metal support. Because of the space limitation, the MC among the array elements becomes significant, and this will distort the array patterns [5] . So it is important to consider the MC effects among the array elements and the effects of diffraction caused by the support in the analysis.
In this paper, the performance of a CMA adaptive array with the steepest descent method is investigated. The MC effects among the array elements are taken into account by using the moment method (MM) when the array is placed on an infinite ground plane. Furthermore, a more practical situation is considered, where the array is mounted on a rectangular conducting plate, which may be a model of setting the array on the roof of a car or on the top of an antenna tower. The diffraction effects due to the edges of the conducting plate are taken into account by using the hybrid method of MM and geometrical theory of diffraction (GTD). In Section II, the CMA adaptive array is described briefly. In Section III, the computational method used in the simulation is presented. In Section IV-A, the performance of a CMA adaptive array with the consideration of MC when placed on an infinite ground plane is investigated first for two-ray incidence. Then, an example of three-ray incidence is given to show that the CMA adaptive array can also suppress the delayed rays more than one with MC. In Section IV-B, the performance of the CMA adaptive array on a rectangular conducting plate is analyzed and compared with that on the infinite ground plane. It shows that the diffracted field caused by the edges of the finite plate can also affect the convergent speed and the capture property of the CMA adaptive array.
II. THE CMA ADAPTIVE ARRAY
A CMA adaptive array is an adaptive system suitable for mobile communication, where it can successfully suppress interference under a multipath environment. Fig. 1 is the system input at the th sampling instant and it is a multipath distorted constant modulus signal.
is the complex weight at the th antenna element. The system output at the th sampling instant can be written as (1) where is the vector of the system input and is the vector of adjustable weights. The superscript denotes transpose. The CMA adaptive array eliminates the amplitude fluctuations of the array output due to the existence of the interferences. The cost function to be minimized can generally be expressed as (2) where and are positive integers. denotes the expectation and is the amplitude of the array output in the absence of interference. To minimize the cost function, the steepest descent method is employed for optimization. The weight vector which adjusts the output of the array is updated according to the following: (3) where is a positive step size and is the gradient operator with respect to the element of the vector .
In this paper, and are chosen to be two. Then, can be expressed as follows: (4) where the superscript denotes a complex conjugate.
III. THE COMPUTATIONAL METHOD

1) The Cost Function and the
Step Size: Since we cannot obtain exactly the ensemble mean from the finite data of a series, the expectation symbol must be removed from the updated equation. An average of a finite number of data samples is used to replace the ensemble mean. Then, the cost function for becomes (5) where is the number of data and (6) It should be noted that in (5) the system input vector is sampled at the instant , where varies from to , while the weight vector keeps the constant value at the instant . With this substitution for the cost function, the weight updated (3), combined with (4), becomes (7) This means that data are used for one update of weight vector . With this updated equation, the weight vector is calculated one by one.
The step size in (7) is chosen as [6] ( 8) where is the maximum eigenvalue of the correlation matrix . With this step size, the algorithm has the fastest speed of convergence.
2) The MC Effects and Diffracted Field: When we take into account MC effects among the array elements and the diffracted field caused by the conducting plate in the calculation, the current vector on the array elements can be numerically calculated by the hybrid method of MM and GTD from the following matrix equation [7] : (9) where is the generalized impedance matrix and is the induced voltage vector due to the incident field. The th element of the matrix and the th element of the vector are given as (10) and (11) where (12) and (13) where is the segment on which the th expansion function is located.
is the th testing function. Here, the piecewise sinusoidal function is used for both the expansion function and the testing function.
is the scattered field from the th current expansion function per unit current, and is the incident field.
( ) is the lumped load impedance corresponding to the output terminal of each element of the array, where is connected ( when or is not equal to the number of the expansion function at the output terminal of the antenna elements). is the component of the impedance caused by the diffracted field of due to the edges of the conducting plate. Here, the corner diffraction is ignored because it is very weak when the distance between the antenna and corner are larger than [8] .
is the voltage component due to the diffracted field of the incident field. Thus, and can be written as (14) and (15) where and are, respectively, the diffracted fields of and due to the edges of the rectangular conducting plate. and can be calculated by GTD. To calculate and , the following formula is used [9] , [10] : (16) where and are the diffracted field components parallel and perpendicular to the plane of diffraction, respectively. and , which are, respectively, parallel and perpendicular to the plane of incidence, are the two components of the incident field in the immediate neighborhood of the diffraction point . and are the scalar diffraction coefficients associated, respectively, with the parallel and perpendicular field component, which are dependent upon the type of incident wave and the angle of incidence. is the distance between the diffraction point and the observation point.
is the spatial attenuation factor defined as for plane wave incidence for spherical wave incidence (17) where is the distance between the source point and the diffraction point.
is the wave number in the free space. is the wavelength of operation. For and , spherical wave incidence and plane wave incidence are assumed, respectively. and can be obtained from for by using the three-point source formula [8] , [11] , and for , they can be obtained from . When the current on the elements of the array is calculated from (9), the element output voltage can be obtained by the multiplication of the current at the output terminal by the corresponding load impedance.
With (16) , the receiving patterns of a monopole on a finite square conducting plate have been calculated, and they are consistent with the radiation pattern of [12, Fig. 11 .36] and that of [13, Fig. 5 ]. 
IV. THE SIMULATION
A. CMA Adaptive Array on an Infinitely Large Ground Plane [14] 1) Array Parameters: The purpose of this section is to compare the performance between the CMA adaptive array with and without the consideration of MC effects among the array elements when the array is placed on an infinitely large ground plane.
As an example, an equally spaced linear array with four quarter-wavelength monopoles is considered (Fig. 2) . The radius of each monopole is . In the calculation, it is assumed that the rays come from the horizontal direction. The angle denotes the incoming direction of the ray, and is the interelement spacing. The pseudo-noise (PN) code produced by a ten-stage shift register generator of maximal period sequence is used to generate a shift QPSK signal with a symbol duration . The incident wave is assumed to be a plane wave modulated by a shift QPSK signal, which has the following form: (18) where is the electric field amplitude in the direction and is a spherical coordinate system. is the wave number vector, and is the vector of the observation point.
is the angular frequency, and is the shift QPSK signal, which has the form as (19) where . For simplicity, the signal bandwidth is not considered in the computation. Each antenna is terminated by a 50-load, and the MC effects among the array elements are considered by MM. In the calculation, 15 snapshots are used to update the weight vector [i.e., in (5)]. Each snapshot is taken at the center of a symbol of the first arriving signal. For a cost function, let and the initial weight vector is set to be . Since all the output powers of the antenna elements are not the same anymore when MC effects are taken into account, the signalto-noise ratio (SNR) is defined as the ratio of the power at the receiving terminal of the first element of the array to that of thermal noise and set to be 40 dB. The electric field amplitude ratio of the first to the second incident ray is 3 dB, and the time delay of the second ray is compared with the first one. 
2) The Array on the Infinite Ground Plane with Two-Ray
Incidence: Assume that the first and second (delayed) ray come from and , respectively. Fig. 3 shows the array output power normalized by the initial output power of the first ray with and without MC. The interelement spacing is set to be . Although CMA converges with and without MC, the speed of convergence with MC is slower than that without MC. Fig. 4 shows the intermediate desired signal-tointerference-plus-noise ratio (SINR) patterns, with and without MC, when and varies from 0 to 180 . (Here, we consider the delayed ray as the interference signal.) The number of iterations is set to and . It can be seen that when , the speed of convergence with MC is faster than that without MC, while when , the result is reversed. After 200 iterations, the two patterns are almost the same except at , where the SINR without MC is about 39 dB. This means that the CMA adaptive array has caught the first ray. On the other hand, when with MC, the SINR is 45 dB, since the array has caught the second ray. The reason is that when MC is taken into account, the initial receiving pattern with the initial weight vector is not omnidirectional any more. It has a maximum value when while the initial receiving pattern without MC is isotropic. Fig. 5 shows the SINR patterns with and without MC when varies from to when and . It can be seen that when is less than , the CMA adaptive array with MC catches the second ray, and when is greater than , it catches the first ray, while without MC the array catches the first ray for all . The reason is that the peak direction of the initial receiving pattern with varies from 90 to 0 as varies from 0.8 to 0.2 wavelength. When , the array also catches the first ray although the peak direction of the initial receiving pattern is not at 90 any more. This is because that the capture property of the CMA adaptive array with MC is not only dependent upon the initial received powers of the rays, but also upon the step size of the steepest descent method. From this figure, it is evident that when interelement spacing is smaller, MC affects the performance of the CMA adaptive array more. Fig. 6 shows the SINR patterns with respect to the relative amplitude of the electric field of the delayed ray with and without MC. When the amplitude ratio is smaller than 4 dB, the CMA adaptive array catches the first ray while it catches the second ray when is greater than 3 dB with the consideration of MC, but without the consideration of MC, the array catches the first ray for all the value of dB. This result shows that the MC will not affect the capture property when the amplitude of the delayed ray is much less than that of the direct ray. The SINR patterns with respect to the delayed time of the delayed ray are shown in Fig. 7 . From this figure, it is seen that the delayed time of the second ray has no effect on the capture property of the CMA adaptive array when the delayed time is greater than one symbol of the signal. When the delayed time is null, that is, the two rays are incident on the array synchronously, the CMA adaptive array does not work since in this case the multipath reception does not generate incidental amplitude fluctuations on the received signal. From the analyses above, it is seen that with the consideration of MC, the CMA adaptive array sometimes catches the first ray and sometimes catches the second ray. Generally speaking, the array catching the second ray does not always mean an unfavorable condition if multipath propagation is well avoided to receive a single second ray, but in a practical mobile communication environment, a receiving system always moves and rotates. At one instant, the array is in the state of catching the first ray and suppressing the other one, and at another instant, the array may be in the state of catching the second ray and suppressing the first one as the receiving system rotates or the incident signals change the directions. The exchange of receiving states may cause some loss of information due to the delay time of the rays and the convergent speed of the algorithm. In this sense, the exchange of receiving states is unexpected and should be avoided. Also, catching a weaker ray may cause the degradation of the array performance, since the output SINR will be lower than that when catching a stronger one. From the simulations, we can see that the MC is one of the factors which can lead the array to catch a weaker ray instead of the stronger one. Besides, the MC will also affect the convergent speed of the CMA algorithm. Therefore, the consideration of MC is indispensable in the analysis of the CMA adaptive array antennas.
3) The Three-Ray Incidence: Now, we consider the case where there are three rays incident on the array. The first one is the direct ray and is also the desired ray. The other rays are delayed and undesired. The delay times of the second and third ray are and compared with the first one, respectively. The electric field amplitude ratio of the first ray to the second one is 3 dB and that to the third one is 6 dB. The incident directions of the three rays are , , and , respectively. The interelement spacing is , and the rest of the parameters are the same as those in the two-ray case. Fig. 8 shows the array output power with and without MC normalized by the initial output power of the first ray. It can be seen that the CMA array can also suppress the delayed rays more than one with MC. In this case, CMA has a faster convergence rate when MC is included. Fig. 9 shows the receiving patterns for the three-ray incidence after 200 iterations of the CMA algorithm with and without MC. For each case, the pattern has deep nulls in the directions of the two delayed rays. Since in this case the CMA algorithm converges faster with MC, it suppresses the second and third ray more completely after 200 iterations (Fig. 8) compared with the one without MC. Therefore, the receiving pattern shows deeper nulls with MC than without MC. 
B. CMA Adaptive Array on a Finite Rectangular Conducting Plate
In this section, the performance of a CMA adaptive array on a finite rectangular conducting plate is investigated and compared with that on an infinitely large ground plane. Consider an equally spaced linear array with four quarter-wavelength monopole antennas mounted on a rectangular conducting plate as shown in Fig. 10 . The size of the plate is a , which is the typical size of the car roof, and the array is mounted at the center of the plate. Fig. 11 shows the initial receiving patterns of the array in the to plane with the initial weight for the array on the finite plate and on an infinite ground plane, respectively. The two patterns differ, especially near . Since the performance of a CMA array is greatly affected by the initial received powers, it is assumed that the performance of a CMA adaptive array on the finite plate is different from that on the infinite ground plane. According to the experimental results reported in [15] and [16] , the incident ray may arrive most probably from in an urban area. Therefore, in this paper elevation angles between 0 and 60 ( ) are considered. Figs. 12 and 13 show the array output power normalized by the initial output power of the first ray for the two-ray incidence case with and without the consideration of the rectangular plate when . Fig. 12 shows an example that when the first ray is incident from and , and the delayed ray from and , the convergent speed with the rectangular plate is faster than that with the infinite ground plane. Fig. 13 shows the reverse result, that is, when the first ray comes from and and the second ray from and , the convergence rate of the array on the finite plate is slower than that on the infinite ground plane. This means that the diffracted field also affects the convergent speed of the CMA adaptive array. Fig. 12 . It can be seen that the delayed ray has been suppressed completely. Fig. 15 shows the SINR patterns after 200 iterations of the CMA algorithm with finite plate and infinite ground plane. The first ray is incident from and , while the incident direction of the delayed ray varies from to in the to plane. It can be seen that with infinite ground plane the array catches the first ray when , and it catches the second ray when . The reason why the array catches the second ray is the same as the explanation for Fig. 5 , but with the finite plate, the array catches the first ray for all except at . This is because the initial pattern has the maximum value at this angle. Since the initial received power at is less than that at with the finite plate when , the array does not catch the second ray in this area. When , the SINR did not reach 40 dB after 200 iterations of the CMA algorithm. It is because the initial received power of the second ray is much less than that of the first ray, and this makes the steepest descent method converge slowly. The SINR reached 40 dB at because the initial SIR is already 40 dB. This point can be seen from Fig. 11 . From Fig. 15 we can see that the diffracted field can also affect the capture property of the CMA adaptive array.
V. CONCLUSIONS
The performance of a CMA adaptive array with the consideration of MC effects among the array elements and the diffraction effects caused by the edges of a rectangular conducting plate was investigated. The performance of the CMA adaptive array is quite different with and without the MC effects. In some cases, the speed of convergence is slower with MC, and in other cases it is faster. Also, in multipath scenarios the array sometimes converges on a weaker delayed ray rather than the direct ray when MC is included. The capture property is explained by the fact that the CMA algorithm is sensitive to initial conditions and the initial array pattern is directional due to MC-not omnidirectional as in the ideal case. When the delayed ray is much weaker than the direct one, the MC will not affect the capture property of the array. Furthermore, the performance of the array is analyzed when the array is mounted on a rectangular plate. It can also be seen that the diffracted field caused by the edges of the finite plate not only affects the convergent speed of the CMA adaptive array, but affects the capture property as well. Since the exchange of receiving states may cause some loss of information due to the delay time of the rays or the convergent speed of the algorithm, it should be avoided in a practical mobile communication. Therefore, the consideration of MC and diffraction effects are indispensable in the analysis of the CMA adaptive array antennas.
